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Abstract 
Enumerative results are presently a major center of interest in topological graph theory, as 
in the work of Gross and Furst [1], Hofmeister [5,6], Kwak and Lee [9-13] and Mull et al. 
[15], etc. Kwak and Lee [9] enumerated the isomorphism classes of graph bundles and those of 
n-fold graph coverings with respect o a group of automorphisms of the base graph which fix a 
spanning tree. Hofmeister [6] enumerated independently the isomorphism classes of n-fold graph 
coverings with respect o the trivial automorphism group of the base graph. But the enumera- 
tion of isomorphism classes of regular graph coverings has not been answered completely. As 
its partial answers, Hofmeister [5] enumerated the isomorphism classes of 7?2-coverings (double 
coverings) with respect o any group of automorphisms of the base graph, and Sato [14] did 
the same work for 7/p-coverings (regular prime-fold coverings). With respect o the trivial au- 
tomorphism group of the base graph, Hong and Kwak [8] did the same work for 7/2 @ 2~2 or 
7/a-coverings, and Kwak and Lee [10] did it for 7/p, 7/p ® ~/q (p ~ q primes) or Zp:-Coverings. 
As an expansion of this effort, we obtain in this paper several new algebraic haracterizations 
for isomorphic regular coverings and derive an enumerating formula for the isomorphism classes 
of ,if-coverings of a graph G with respect o any group of automorphisms of G which fix 
a spanning tree, when the covering transformation group ~¢ has the isomorphism extension 
property. By definition, it means that every isomorphism between any two isomorphic sub- 
groups ~ and ~2 of ~q¢ can be extended to an automorphism of d .  Also, we obtain complete 
numerical enumeration of the isomorphism classes of Zn-coverings for all n, Dn-coverings for 
odd n (•= is the dihedral group of order 2n) or Zp @ Zp-Coverings of a graph G for prime p 
with respect o the trivial automorphism group of G. In addition, we applied our results to a 
bouquet of circles. 
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1. Introduction 
Let G be a connected finite simple graph with vertex set V(G) and edge set E(G). 
The neighborhood of a vertex v E V(G), denoted by N(v), is the set of vertices adjacent 
to v. We use IXI for the cardinality of a set X. The number/~(G) = I V(G)I -  IE(G)I +1 
is equal to the number of independent cycles in G and it is referred to as the Betti 
number of G. 
Two graphs G and H are isomorphic if there exists a one-to-one correspondence b - 
tween their vertex sets which preserves adjacency, and such a correspondence is called 
an isomorphism between G and H. An automorphism of a graph G is an isomorphism 
of G onto itself. Thus, an automorphism of G is a permutation of the vertex set V(G) 
which preserves adjacency. Obviously, any automorphism followed by another is also 
an automorphism. Hence the automorphisms of G form a permutation group, Aut (G), 
which acts on the vertex set V(G). 
A graph G is called a covering of G with projection p: G; --, G if there is a surjection 
p: V(G) ~ V(G) such that pIN(~: N(O) ~ N(v) is a bijection for all vertices v E V(G) 
and t~ E p-l(v). We also say that the projection p: G ~ G is an n-foM covering of 
G if p is n-to-one. A covering p: G ~ G is said to be regular if there is a subgroup 
~¢ of the automorphism group Aut(G) of G acting freely on G such that the quotient 
graph G/~¢ is isomorphic to G. The fiber of an edge or a vertex is its preimage 
under p. 
Let F be a group of automorphisms of the graph G. Two coverings Pi: Gi ---' G, 
i = 1,2, are said to be isomorphic with respect o F if there exist a graph isomorphism 
~: Gl ~ G2 and a graph automorphism 7 E F such that the diagram 
GI ~) G2 
G ~>G 
commutes. Such a • is called a covering isomorphism with respect o F. Note that 
for any group F of automorphisms of G, the covering isomorphic relation with respect 
to F on the coverings of G is an equivalence relation. 
Every edge of a graph G gives rise to a pair of oppositely directed edges. By 
e-I = vu, we mean the reverse dge to a directed edge e = uv. We denote the set of 
directed edges of G by D(G). Following Gross and Tucker [3], a permutation voltage 
assignment c~ of G is a function ~b: D(G) --* Sn with the property that ~b(e -1 ) = ~b(e) - l  
for each e E D(G), where Sn is the symmetric group on n elements {1 . . . . .  n}. The 
permutation derived graph G O is defined as follows: V(G O) = V(G) × {1 . . . . .  n}, and 
for each edge e = uv E D(G) and j E {1 .. . . .  n} let there be an edge (e,j) in D(G 4~) 
joining a vertex (u,j) and (v,c~(e)j). The first coordinate projection p0: G o ~ G, 
called the natural projection, is a covering. Let d be a finite group. An ordinary 
voltage assionment (or, ~-voltaoe assignment) of G is a function ~b:D(G) ~ a~¢ 
with the property that ~b(e -1) = ~b(e) -1 for each e E D(G). The values of q~ are 
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called voltages, and ~¢ is called the voltage group. The ordinary derived graph 
G x~ ~t derived from an ordinary voltage assignment ~b:D(G) ~ ~¢ has as its vertex 
set V(G) x ~¢ and as its edge set E(G) x ~¢, so that an edge of G xo ~¢ joins a 
vertex (u,g) to (v, dp(e)o) for e = uv E D(G) and g E ~¢. In the (ordinary) derived 
graph G xo ~¢, a vertex (u,g) is denoted by uo, and an edge (e,g) by eg. The first 
coordinate projection po: G xo ~¢ ~ G, called the natural projection, commutes with 
the left multiplication action of the ~b(e) and the right action of ~¢ on the fibers, which 
is free and transitive, so that p~ is an ]~¢l-fold regular covering, called simply an ~¢- 
covering. Gross and Tucker [3] proved that every covering G (resp. regular covering) 
of a graph G can be described by a permutation (resp. ordinary) voltage assignment. 
Kwak and Lee [9] obtained an algebraic haracterization f two n-fold coverings of 
a graph G to be isomorphic with respect o a subgroup F of Aut(G), from which they 
derived some enumerating formulas for the isomorphism classes of n-fold coverings. 
For example, the enumerating formula for the isomorphism classes of n-fold coverings 
of a graph G with respect o the trivial automorphism group of G is given as follows: 
Theorem 1 (Kwak and Lee [9]). The number lso(1}(G;n) of isomorphism classes of 
n-fold coverings of a graph G with respect o the trivial automorphism group {1} is 
Iso(l}(G; n) = Z (/1! 2:2/2! "'" n:":~!) ~(°)-l. 
dl +2:2 +-"+n:.=n 
But the algebraic haracterization f the isomorphic n-fold coverings is not efficient 
to enumerate the isomorphism classes of regular coverings. Hence, in Section 2, we 
derive several new algebraic haracterizations of isomorphic regular coverings. When 
~ is an abelian group having the isomorphism extension property, it is a generalization 
of the characterization theorems of isomorphic regular coverings of [5] for ~¢ = 7/2 and 
of [14] for ~ = 7p (p is a prime number). In Section 3, we derive some enumerating 
formulas for the isomorphism classes of ~¢-coverings, when d has the isomorphism 
extension property. From these formulas, we obtain complete numerical enumeration 
of isomorphism classes of 7/~ or 7/p @ 7/p-coverings of a graph with respect o the 
trivial automorphism group in Section 4, and the same for D:coverings in Section 5. 
In Section 6, we apply these results to a bouquet of circles, and we discuss some idea 
to enumerate the isomorphism classes of regular n-fold coverings of a graph in the 
final section. 
2. Characterizations of isomorphic ~-coverings 
For a finite group ~¢, let S~¢ denote the set of all bijective functions on the underlying 
set ~¢, and C I (G;~ ') the set of all ~-voltage assignments pof G. We also denote 
by £#~t the left translation group of ~¢, i.e., Z?~ is the group of left translations £a 0 
for g E ~¢, where £#0(g') = gg' for all g' E ~¢. Then, the set S~¢ is the symmetric 
group on I~1 elements and Ae~t is a subgroup of S~, which is isomorphic to the 
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group z~'. Sometimes, the group z~¢ will be identified with the subgroup .~e~t of the 
symmetric group S~. Let C°(G; S~¢) denote the set of functions f :  V(G) ~ S~ and 
C°(G; ~¢) the subset of C°(G;S~t) consisting of all functions f :  V(G) ~ s4. 
An algebraic haracterization for two graph bundles to be isomorphic was obtained 
in [9] and it can be rephrased for regular coverings as follows: 
Theorem 2. Let F be a subgroup of Aut(G) and 4', ~, E CI(G; ~¢) voltage assign- 
ments. Then two s/-coverings G x 4, s l  and G x ~ ~¢ are isomorphic with respect o F 
if and only if there exist a graph automorphism ~ E F and a function f E C°(G; S~¢) 
such that 
~(~u~v) = f (v )  o -~4,(uv) o f (u)  -1 
for all uv E D(G). 
For a spanning tree T of G, we can assume that every voltage assignment 4' satisfies 
4'(uv) = identity for each uv E D(T) without loss of generality. To show this, let 
C~(G; s l )  = {4' E C1(G; ~¢) : 4'(uv) = identity for each uv E D(T)}. 
With a base vertex v0 in G, we define a function 3r#:Cl(G;~ ¢) ~ C°(G;z~¢) as 
follows: for any v E V(G) there exists a unique path VoVl""VmV in the tree T from 
v0 to v and we define 
~[fl(4')(V) : (¢(VmV)''" 4'(rOY 1)) -1  = 4'(VlO0), .  " 4'(VVm), 
and define ~:  C I (G ;~)~ C~(G; ~)  by 
~(¢) (uv)  = ~r(¢)(v) ¢(uv) ~(¢) (u ) - '  
for any 4' E CI(G; ~)  and for any uv ~ D(G). Clearly, ~ is the identity on Cb(G; ~). 
Denote ~;(4') by 4'r. 
The construction of 4'r gives the following corollary. 
Corollary 1. Let 4' E CI(G; ~[) be any voltage assignment. Then two sl-coverings 
G ×¢ s# and G ×4,r ~¢ are isomorphic with respect to the trivial automorphism 
group {1}. Moreover, we can choose f in C°(G;~)  such that 
4'r(uv)= f (v)¢(uv)  f (u)  -1 (i.e., ~('¢r(uv)---- ~f(v)° ~'~4,(uv)° ~j(lu) ) 
for all uv E D(G). 
For a voltage assignment 4' E CI(G; d) ,  let ~%(v) denote the local voltage group 
at v which is, by definition, the subgroup of ~¢ consisting of all net 4'-voltages of the 
closed walks based at v E V(G). The net 4'-voltage of a closed walk is the product of 
the forward voltages (written from right to left) along the edges of the walk. Clearly, 
the local voltage groups are conjugate subgroups of ~1. In particular, if either ~¢ is 
S. Hong et al./Discrete Mathematics 148 (1996) 85-I05 89 
abelian or ~b E C~(G; x~:) for a spanning tree T, then all local voltage groups are 
the same. Note that for an ~¢-voltage assignment ~b, the derived graph G x~ ~¢ is 
connected if and only if the local voltage groups of q~ are just the group sO. When the 
local voltage groups of ~b are independent of the choice of the base vertex, we simply 
denote it by s¢~. 
From now on, let T denote a spanning tree of a graph G. 
Theorem 3. Let F be a subgroup of Aut(G) and ~b,O E CI(G;~/) voltage assign- 
ments. Then two sg-coverings G x 4, ~¢ and G x ~ ~: are isomorphic with respect o 
F if and only if there exist a graph automorphism Y E F and a group isomorphism 
a: s¢4~ ~ :1~: such that ~b:(TuTv) = a(~br(uv))for all uv E D(G). Moreover, if 
the two coverings are connected, then a is an automorphism of the voltage group xs/. 
Proof. Let G x ~ zd and G x ~ ~ be isomorphic with respect o F, that is, there exist 
a graph isomorphism qo: G x 4~ z¢ -~ G x q, s¢ and a graph automorphism 7 E F such 
that the diagram 
Gxr~¢ ~ Gx~ 
P~ ~P~ 
G 7' G 
commutes. By Corollary 1, there exists a graph isomorphism ~: G X~r ~¢ ---+ G xq,: s¢ 
such that the diagram 
G X~r ~¢ ~ G x~o~r~¢ 
P~r ~ ~ P~,r 
G ~ G 
commutes. Now, by Theorem 2, there exists a function f E C°(G; S~,) such that 
~e0~r(~u:) = f (v )  o L,e~r(u~) o f (u)  - l  
for all uv E D(G). Since q~r and ~b~.r are trivial on the spanning trees T and yT, re- 
spectively, f must be constant. We can see that the local voltage group ~¢~r (or ~¢~,rr) 
as a subgroup of S~¢ is generated by left translations .L~°g,r(uv), uvE D(G) (or -~:'q,:(uv), 
uv E D(G), respectively). This implies that f induces an inner automorphism on Sg 
which maps ~¢~T onto ~¢g,: isomorphically. Hence, there exists a group isomorphism a 
from S~r onto d~ r such that 
~,:(~:u ;:v) = ~r(q~r(uv))  
for all uv E D(G). 
Conversely, suppose that there exist a graph automorphism V E F and a group 
isomorphism a: Zg~r --~ d~ r such that ~l/Tr(Tuvv ) = a(C~r(UV)) for all uv E D(G). It 
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suffices to show the existence of a function f E C°(G;S~) such that 
£f c,:~(vu~v) = f (v )  o ~(f¢r(uv) o f (u )  -1 
for all uv E D(G), by Theorem 2. We construct such an f as follows: Let al = 
identity . . . . .  am and fll = identity . . . . .  tim denote the representatives of all right cosets 
of ~¢¢r and d¢,: r in ~¢, respectively. Then for each g E ~¢, there exist unique get E 
~/¢r and i(g) E {1,2 . . . . .  m} such that g = g~r ai(g). For each v E V(G), we define 
f (v) :  s¢ ---* s¢ by f (v ) (g )  = a(g~r)fli(g) for all g E .d. Then f (v )  is well-defined and 
bijective, i.e., f (v )  E S~. In fact, f :  V(G) ~ S~ is a constant map and f(v)l~% = a. 
For any g' E ~¢¢r, we get 
and 
g' g = (g'g)¢r ai(g,g) 
! 
: g g¢~r ai(g) 
f (v) (g '  g) = f (v )  (g' g¢r ai(g)) 
= a(g'g~r ) fl~(g) 
= 
= 
= a(g' ) f (v) (g)  
for any v E V(G) and any g E d .  Hence, 
( f (v )  o ~fer(uv) o f (u )  -1) (g) = f (v )  (~T(UV) f (u ) - I (g ) )  
= 
= £f~(~(uv))(g) 
= Lf~,~(~u~o(g ). 
for all uv E D(G) and for all g E ~¢, because ~br(uv) E ~¢~T for every uv E D(G). 
That is, 
5%:r(~,.vv ) = f (v )  o "£f¢r(uO o f (u )  -1 
for all uv E D(G), which completes the proof. [] 
For the spanning tree T of G, we denote 
Aut(G; T) = {y E Aut(G) :7(T)  = T}. 
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Corollary 2. Let F be a subgroup of Aut(G; T) and c~,qJ E C~(G; s~t) voltage as- 
signments. Then two sl-coverings G × 4, ~¢ and G x ~ ~1 are isomorphic with respect 
to F if and only if there exist a graph automorphism Y E F and a group isomorphism 
a: sl~ --~ ~¢, such that ~k(Tu ?v) = a(q~(uv)) for all uv E D(G) -D(T) .  
A finite group ~ is said to have the isomorphism extension property (IEP), if 
every isomorphism between any two isomorphic subgroups ~l and ~2 of ~ can be 
extended to an automorphism of s¢. For example, the cyclic group Zn for any natural 
number n, the dihedral group D, for odd n >t 3, and the direct sum of m copies of 
Zp have the IEP. Moreover, the direct sum of two groups whose orders are relatively 
prime has the IEP if each direct summand has it. However, neither 7/2 ~ 7/4 nor D2n 
has the IEP. 
Theorem 4. Let F be a subgroup of Aut(G) and ~b,~k E C I (G;d)  voltage assign- 
ments. I f  either s /has  the IEP or both dp and ~ derive connected coverings, then the 
following conditions are equivalent: 
(a) The two d-coverings G ×4~ s l  and G x~ s l  are isomorphic with respect o F. 
(b) There exist a graph automorphism Y E F and a group automorphism ~r E 
Aut(~¢) such that 
qJ~r(Tu 7v) = G(4~r(uv)) 
for all uv E D(G). 
(c) There exist a graph automorphism 7 E F, a group automorphism a E Aut(~¢) 
and a function f E C°(G; ~¢) such that 
- !  
~b(VuTv) = f(v)a(dp(uv)) f (u )  -1 (i.e., Ae~ru~v) = -~ S(v) o .~e~(¢~ut.)) o 5fl f(u) ) 
for all uv E D(G). 
Moreover, if the group d is abelian, then each of these three conditions is also 
equivalent to the following condition: 
(d) There exist a graph automorphism ? E F, a group automorphism a E Aut(d), 
and a function f E C°(G; ~¢) such that 
~(?u ?v) = a(q~(uv))f(v)f(u) -1 
for all uv E D(G). 
Proof. (a) ¢~ (b) comes from the hypothesis and Theorem 3, and (b) ¢* (c) comes 
from Corollary 1. (c) ~=~ (d) is clear, when ~¢ is abelian. [] 
Note that Theorem 4(d) is a generalization of the characterization theorems of iso- 
morphic regular coverings of [5] for ~¢ = 2v2 and [14] for d - Zp (p is a prime 
number). 
92 S. Hong et al./Discrete Mathematics 148 (1996) 85-105 
3. Enumerating formulas 
In this section, we aim to derive some enumerating formulas for the isomorphism 
classes of ~¢-coverings when M has the IEP. Throughout this section, we assume that 
M is a finite group having the IEP and F is a subgroup of Aut(G; T). Let Iso r(G; M) 
denote the number of the isomorphism classes of M-coverings of G with respect o F. 
We define a F x Aut (~)  action on Crl(G;a~¢) by 
for (y,a) E F x Aut(a~¢), ¢ E C~(G;M), and uv E D(G). Then, by Theorem 4, two 
M-coverings G x¢ M and G x C, ~¢ are isomorphic with respect o F if and only if 
¢ and ~ are in the same orbit of the F x Aut(~¢) action on C~.(G;,~¢). For (y ,a )E  
F x Aut(a~¢), we denote Fix(v,, ) by the set 
Fix(r,, ) = {¢ E C l r (G;~) :  (y,a)¢ = ¢}.  
It is easy to show that if (yl ,al)  and (y2,a2) are conjugate in F x Aut(M), then 
]Fix(~.,,.)] = IFixtr:,,2) I. The following comes from Burnside's Lemma. 
Theorem 5. / f  M has the IEP, then 
1 
Isor(G;M) = IFIIAut(M)I ~ IFix(r'°)l 
(r,a)Gr xAut(~') 
1 
IrllAut(M)l ~ If(Y, ~)] IFix(r,o)l. 
(r,o) 
In the latter summation, (y, a) runs over all representatives of the conjugacy classes 
of F x Aut(~¢), and C(y, a) denotes the conjugacy class of (y, a) in F x Aut(M). 
Now, we need to estimate ]Fix(r,o)l for a given (y, a) in F x Aut(M). Following [9], 
for an automorphism y of G, we define an equivalence relation '~r on D(G) - D(T) 
as follows: el '~r e2 if and only if el = yte2 for some E. An equivalence class [e] of 
e is called of class 1 if e and e- l  are contained in the same equivalence class, and of 
class 2 otherwise. For any edge e E D(G) - D(T), we define a number /(y,e) to be 
the smallest natural number f such that e- l  __ yre if [e] is of class 1, and the smallest 
natural number f such that e = ),% if [e] is of class 2. This number is well-defined 
because y has finite order in F. For each a E Aut(~¢), we use the notations 
and 
Z(an) = {g e M: an(g) = g-l} 
F(o-') - {g E M: an(g) = g} 
as subsets of M. Then, the number IFix(r,a)l is given as follows. 
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Lemma 1 (Kwak and Lee [9]). 
IFix(r,~)]--([e]E~Classl[I(G~(~"e))[) ([e]E~Class2lF(cxrl(~"e))]) 1/2 , 
where the product over the empty index set is defined to be 1. 
If F = {1}, then all edges in D(G) - D(T)  are of class 2, and 
IFixo,.)l--IF(~r)la(C) 
for all a E Aut(~¢). From Theorem 5 and Lemma 1, we have the following corollary. 
Corollary 3. I f  ~ has the IEP, then 
1 
Iso{l}(G;~¢)- imut(~¢) } E tF(a)l~(c)' 
aEAut(~f) 
where F(a)  = {# E sg: a(g) = g}. 
It is not difficult to show the following lemma. 
Lemma 2. Let ~ l  . . . .  , Z~gm be finite groups having the IEP such that their orders are 
pairwise relatively prime, i.e., (1~¢/[, I~¢j]) = 1 for  1 <~i ~ j<~m. I f  a E Aut(z~¢l ® 
• . "~3~[m), then there exist oi E Aut (d i ) fo r  i = 1 . . . . .  m such that a = (al . . . . .  ¢7m) 
and 
IFix(e,~)l = f i  IFix(~.~,)l • 
i=l 
From Theorem 5 and Lemma 2, we have the following theorem. 
Theorem 6. Let Jdl . . . . .  ~m be finite groups having the IEP such that ([~il, I~/jl) = 1 
for  1 <~i ~j<~m. Then 
Isor(G; zJ, @.. -•  ~¢m)= Irl r/, m, IFix("")l 
i=1 aE  Aut(.agi )
In particular, i f  F = { 1 }, then 
m 
Iso{l}(G; ~11 @""  @ ~¢m) = H Iso{1}(G; z~¢i). 
i=l 
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4. Enumeration of Z. or Zp ~ Zp-coverings 
The enumerating formula for the isomorphism classes of regular coverings of a graph 
has been known for only a few cases. Hofmeister [5] enumerated the isomorphism 
classes of 7/2-coverings (double coverings) of a graph G with respect o a group of the 
automorphisms of G. Sato [14] did the same work for 7/p-coverings (regular prime-fold 
coverings). Hong and Kwak [8] enumerated the isomorphism classes of regular fourfold 
coverings with respect o the trivial automorphism group, and Kwak and Lee [10] did 
the same work for Zp, Zp @ Zq (p ~ q primes) or 7/p2-coverings with respect o the 
trivial automorphism group. 
In this section, we derive an enumerating formula for the isomorphism classes of 7/n 
or 7/p @ Zp-coverings 1 of a graph G with respect o a group of automorphisms of G, 
as an application of enumerating formulas discussed in the previous ection. 
We first enumerate all isomorphism classes of Z~-coverings of a graph G. Recall that 
all cyclic groups Z~ have the IEP. In 7/~, let (E) denote the subgroup of 7/~ generated 
by ~. We identify Aut(Zn) with the set of all elements of Zn which are relatively 
prime to n, that is, the set {2 E Z~:(2,n) = 1}. Note that [Aut(7/p~)[ = pm- l (p  _ 1) 
for any prime number p and any natural number m. 
The decomposition f a finite abelian group, Theorem 6 and Lemma 1 imply that if 
m l m 2 Pl P2 "" "p~k be the prime decomposition of a natural number n, then, 
1 
Isor(G; Z,) = 
Irl Pm' - l (P i -  I) 
X ([e]ECI~lass 2 
tEAut(Zpi ) 
To estimate the numbers lI(2r)] and ]F(Ar)l for any natural numbers n, r and 2 E 
Aut(Z,), we observe that 
x E F(2') if and only if ~r~: = • (mod n), 
if and only if x E (o(Z - 1)), 
and 
E l(~, r) if and only if 2'x = -x  (mod n), 
if and only if x E (o(2 r + 1)), 
where o(d) denotes the order of f in 7/n. 
J The Zp @ .. .  ~ Zp-coverings were enumerated in Hofmeister's prcprint [7l, which was noticed to the 
authors by a referee. 
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The above discussions give the following lemma. 
Lemma 3. Let 2 E Zn be a natural number such that (2,n) = 1. Then, for any 
natural number , we have 
n 
(a) IF(2r)l - - -  = gcd0 .r - 1,n). 
O(2 r -- 1 ) 
n 
(b) IIOY) I - 0(2" + 1) - gcd(2" + 1,n). 
In particular, if n = pm for a prime p, then (p) = U~=lKu(m) the disjoint union of 
Ku(m ) = {x E Z¢,: x E (pU), x ¢~ (pU+,)} for # = O, 1 . . . . .  m, and Z¢, - (p) = Ko(m). 
Note that (pm+l) = 0. In this case, 
(c) IF(2r)[--- p~ / f2  r -  1EKu(m ) for #=0,1  ... . .  m, 
(d) [ I (2" ) [=p u / f2 r+ l  EK~,(m) fo r#=O,  1 . . . . .  m. 
To find Isoo}(G;Zn), we evaluate Iso{1}(G;Z/pm) for any prime p and natural 
number m, because 
k 
Iso{l}(G; 7/n) = 1"-[ Iso{1}(G; 7/p,.., ), 
i=1 
where 1-Iik=l p~' is the prime factorization of n. 
But we know that for any prime p and natural number m, 
1 
Isoo}(G;Zp, ) - iAut(7/e , )  I ~ IF(2)I'(G) 
2EAut(Zp~ ) 
_ 1 
pm-, , (p_  1) E IF(2)fCG)' 
2EAut(Zp~ ) 
and 
Aut (Zp~)  = {2 E ~-p~,:(2, p m) : 1}. 
Since (p) = Iff~=lKu(m), disjoint union, the number of 2 E Aut(Zg, ) such that 2 -  1 E 
Ko(m) is 
0 pm-l (p -- 1)-- u=lK~(m) =pm- l (p -  1 ) -pm- I  =pm- l (p -2 ) .  
there exist exactly pm- l (p_  2) elements 2 in Aut(~'p,) such that 
m K 2 E Aut(Zp,) and 2 -1  E (p )=Uu=l  u(m) • It is not difficult to 
This means that 
IF(2)l = 1. Let 
show that 
{p m-U- l (p_  1) for # = 1 ..... m-  1, [Ku(m)[ = 1 for # = m. 
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Table 1 
The number Iso{j}(G; Zn) 
n 2 3 4 5 6 7 8 9 10 . . .  
fl(G) = 1 2 2 3 2 4 2 4 3 4 
fl(G) = 2 4 5 10 7 20 9 22 17 28 
fl(G) = 3 8 14 36 32 112 58 148 131 256 
fl(G) = 4 16 41 136 157 656 401 1096 1121 2512 
~(G) = 5 32 122 528 782 3904 2802 8464 9923 25 024 
Hence, Lemma 3(a) says that for each # = 1 . . . . .  m-  1, there exist exactly 
pm-~- l (p  _ I) elements 2 in Aut (Z : )  such that IF(2)[ = pU, and for/~ = m, there 
exists only one element 2 in Aut(7/g.) such that [F(2)[ = pro. We infer this result. 
Theorem 7. 
m + 1 / f~(G)  = 1, 
Iso{l}(G;Zp,,) = pm(#<G)-l)+l _ 1 (pm(~(G)-Z) _ 1) otherwise. 
p -  1 + p~(G)-I _ 1 
Note that Theorem 7 is a generalization of [10, Theorem 5] and [14, Corollary 2] 
for ~¢ = Zp. For small n, we have Table 1 for the number of isomorphism classes of 
7.-coverings of G with respect o the trivial automorphism group. 
Next, we enumerate the isomorphism classes of Zp ® 7/p-Coverings of G. 
Theorem 8. 
Iso{l)(G; Zp @ Zp) = 
1 
(p - 1 )2(p + 1 ) 
x (p2#(o)-t +(p3 _ 2p - 1)p B~°)-~ +p3 _ 2p2 _ p + 3). 
Proof. Let a = (1,0) and b = (0, 1). Then any a E Aut(7/p @ ~'p) is determined by 
the image of a and b. Now, we consider the following three cases. 
Case 1: Consider all tr E Aut( /p @ Zp) such that a(a) = a. The total number of 
such automorphisms is p(p-  1 ), because the candidates for a(b) which make such a a 
an automorphism is of the form 2a + #b for some 0 ~<2 ~< p-  I and 1 ~<# ~< p-  1. In 
addition, if a(b) = b, then a is the identity and hence IF(a)[ = p2. If  a(b) y~ b, then 
[F(tr)[ = p, because F(a)  is a subgroup of Z v @ Zp. Note that the number of such 
automorphisms is p(p-  1 ) -  1. 
Case 2: Consider all a such that a(a) = 2a for some 2~<2~<p-  1. The total 
number of such automorphisms is (p - 2 )p(p  - 1), because the candidates for a(b) 
which make such a a an automorphism is of the form 2a +/~b for some 0 ~<2 ~< p-  1 
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and 1 ~<#~<p - 1. I f  a fixes a '-a,'_ identity element of Zp @ 7/p, then a(b) = na + b 
for some O<~n<<.p - 1. lad.ice, the number of such a 's  is p(p  - 2) and IF(cr) I = p. 
Now, it is easy ~o o,ow that the number of a 's  such that IF(a)l -- 1 is p(p  - 2) 2. 
Case 3: Consider all a such that tr(a) = 2a + ~b for some 0~<2~<p-  1 and 
1 ~<# ~< p-  1. By a method similar to the above two cases, we can show that the 
total number of automorphisms in this case is p2(p _ 1)2. If  a(na + b) = na + b 
for some O<~n<~p - 1, i.e., a(b) = n(l - 2)a + (1 - nl~)b, then 2a + #b (~ (na + b) 
because tr is an automorphism. This implies that 2 ¢: n# (mod p). Thus, the number 
of such automorphisms a is p(p  - 1 )2 and [F(tr)l = p. If a(na + b) ~ na + b for all 
O<~n<~p - 1, then tr fixes only the identity element in 7/p ® 7/p and the number of 
such automorphisms i  p(p-  1) 3. 
From the above three cases, we can see that 
[Aut(7/p @ 7/p)l = P(P - 1)2(P + 1), 
the identity of Aut(7/p ® 7/p) fixes p2/~(G) elements of C~(G; 7/p ® Zp), 
I{a E Aut(7/p G 2vp): IV(a)l = P}I = p3 _ 2p - 1, 
and 
I{tr E Aut(7/p G 7/p): IF( )I : 1}l : p(p3 _ 2p2 _ p + 3). 
Now, Corollary 3 gives 
Iso{1}(G; 7/p @ 7/p)= 1 (pE#(G) + (p3 _ 2p  -- 1 )p#(G) 
p(p-  1)2(p+ 1) 
+p(p3 _ 2p2 _ p + 3)) 
1 
= (p  - l )2 (p  + 1) (p2//(G)-I + (p3 _ 2p  - l)p/~(G)-I 
+p3 _ 2p2 _ p + 3).  [] 
For example, 
1 (22#(6)_ l + 3.2/~(G)-l + 1), Iso{1}(G;7/2 × 7/2) = 
and 
ISO{li(G;7/3 x 7/3)= 1 (3 .9  ~(o)-1 + 20 .3  ~(6)-1 + 9).  
5. Enumeration of  Dn-coverings, n = odd 
Recall that the dihedral group of order 2n can be presented as follows: 
Dn = (a,b : a 2 = 1 = bn,aba = b - l ) .  
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In this section, we consider only odd n so that the dihedral group [I), has the IEP. 
Note that ~)n is not abelian if n > 2, (a> = Z2, and (b) = Z,. It is easy to see that 
any element of D, is of the form b ~ or ab ~ for some O<~i<~n- 1, 
Aut (D . )  = {a~ : a~(a) = ab',,~}(b) = b j ,  O<~i,j<~n - l, (n , j )  = 1} 
and 
m/--lz IAut(D.)l = n p '~ ' - l (p l  - I ) - . .  p~ tp~ - 1), 
where P '~ ' " 'P t  is the prime factorization of n. From Theorem 5 and Lemma 1, we 
can deduce 
{ ( ) Is°/'(G; Dn)= ]F[ [Aut(Dn)[ ~ ~<~-~ ~cI~la [/ ((O'~)t/(Y'e)) [ 
x t~]e~,,2 IF ((~})~("e>) I . 
To estimate the numbers IF((~j)r)[ and II((aj)r)l for each o'} E Aut(D.) and for 
any natural number , we first note that the quotient group D./Z.  has two elements 
Z. and aZ., and every automorphism (r~ in Aut(Dn) preserves each coset of Z. in 
D.. For a computational convenience, we consider two functions aj[zn and a~[az.. To 
observe the function a)[az., we define ~):E. = (b) ~ E, = (b) by ~)(b k) = b i+jk 
so that a)(ab k) = ab i+j~ = a~.(b k) for any O~i,j,k<~n - 1 and (j ,n) = 1. Now, by 
denoting fl~. = ¢r~[zn, we can see that 
IF(((rjY)I = IF((~)Y)I + IF((/~)T)I and II(((rj.y) I = IF((~))r) l  + Iz((/~j.Y)I, 
because any element of the type ab i is of order 2. Since fl~ = ~[z, E Aut(7/,), we 
have already estimated the numbers Ig((#))r)l and I/((/~ )r )l in the previous section, 
and it remains to estimate the number [F((ct)y)[. Since Z, = ZpT, ®. . .  • 7/p7~, each 
~ can be decomposed as (~)~,,~.~ . .. .  ~.~), where ct~ = ~)[z 7,, O<~i~<~p m, -  1 and 
(is, P~') = 1. Moreover, we can get 
f 
]F((~)r)[ ~--- f l  [F((~%)r)[" 
s=l 
This equality implies that it is good enough to consider the case of n =pm for an odd 
prime p. Recall that 
Ku(m) -- {~ E Zp~:~ E (p"),~c E (p,+l)} 
m for p = 0, 1 .. . . .  m, so that (p) = Uu=lKu(m), disjoint union, and Zg. - (p) = Ko(m). 
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The following lemma is a direct consequence of the computation of [F((ct))r)[ using 
(~)r =.  i<~+j+...+/-'> 
• ~ j r  • 
Lemma 4. For the function ~ : Z ¢, -~ Z p~, 
(a) i f j  = 1, then 
p"  if ir = 0 (mod p"), 
0 otherwise, 
(b) if j ¢: 1, then 
pV if j -  1 E Ku(m), i E (pU), j r _  1 E Kv(m), 
IF((~))r)] = 0 otherwise. 
In particular, if  r = 1, then 
{ p~ if j - I E Ku(m), i E (p~>, 
IF(@)] = 0 otherwise. 
Now, Lemmas 3 and 4 give the estimation of IF((aj)r)h and II((tr))~)[. 
Lemma 5. For any automorphism a~ E Aut(7/p~), 
(a) i f j  = 1, then 
2p m 
]F((~)r)[ = p,~ 
{ p'~+ 1 
II((~))r)l = 1 
(b) if j ¢ 1, then 
{ 2p v 
{ pV+l  1 , +,_i, ,ltkojlr)l = pV + 1 
2 
In particular, if  r = 1, then 
f 2pl' 
]F(a~) 1= { 
t pJ' 
if ir = 0 (mod pro), 
otherwise, 
if  ir = 0 (mod pro), 
otherwise, 
if j - 1 E K~(m), i E <pU), jr _ 1 E K~(m), 
if j - 1 E Ku(m), i ~_ (pU), jr _ 1 E Kv(m), 
if  j -  1 E Kt,(m), i E (p~), j" -- 1 E Kv(m), p ¢ 0, 
/ f j -1E  Ku(m), i~<pJ'), j ' - I  E Kv(m),/~ #0,  
i f  j -  1 E Ko(m), jr ± 1 E K,.(m), 
otherwise. 
if  j - -  1 E Ku(m ), i E <pU), 
if j - 1 E Ku(m), i (L (pU I. 
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Table 2 
The number lsoo}(G; D.) 
n 3 5 7 9 11 13 
fl(G) = 1 3 3 3 4 3 3 
fl(G) = 2 I 1 13 15 26 19 21 
fl(G) = 3 49 81 121 250 225 289 
fl(G) = 4 251 637 1 271 3086 3475 5 141 
fl(G) = 5 1393 5649 15233 44674 61 521 104753 
Now, we can estimate the isomorphism classes of D.-coverings of a graph G with 
respect o the trivial automorphism group as follows. 
Theorem 9. Let n be a odd number with its prime decomposition p~' . . .  p~'. Then, 
Iso{1}(G; D.) = 
# 
H(m,+ I )+ I  / f f l (G) = I, 
i=I 
g 
I-[ Iso(,~(a, ~,:,) + (2 ~ - l) 
i=1 
< (pl ~(~-~>~'+l • ~,, -(~(~)-~>~' - _I ) 
×H - I  otherwise. 
In particular, for  a prime p >~ 3, 
2/~(G) 
ISO{l}(G; Dp) = pf(G)-I q_ P _ 1 (p/~(G)-l q_ p _ 2). 
For an edge e E E(G), let G - e be the spanning subgraph of G with E(G - e) = 
E(G) -  e. Then the following comes from Theorems 7 and 9. 
Coronary 4. Let n be an odd number. Then 
I soo}(G;  D . )  = Iso{1}(G; En) + (2/~(6) - 1 ) Iso{l}(G - e; Z . )  
for any e E E(G)  - E(T). 
The number of isomorphism classes of D,-coverings of G with respect o the trivial 
automorphism group is listed in Table 2 for small n. 
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11 ~ ?  1_ 1 
3-I 2~ 
Fig. 1. Graphs B3 and//3 
6. Applications to a bouquet of circles 
For a natural number m E N, let B" denote the graph with one vertex and m self- 
loops. We call this graph a bouquet of circles. Bouquets of circles are fundamental 
building blocks of topological graph theory, because any connected graph can be re- 
duced to a bouquet of circles by contracting a spanning tree to a point, and any Cayley 
graph and many other regular graphs are covering graphs of them. In this section, we 
enumerate the isomorphism classes of regular coverings of B". To apply our result, 
we construct a simple graph Hm such that H" is topologically homeomorphic to B". 
Let u be the vertex of Bm and {fl . . . . .  gm} the set of m self-loops of B". For each 
i, we insert two additional vertices i~ and i~ in the interior of each loop t~i, where 
ct E Z2 ---- { 1,-1 } and 07 is the complement of at in Z2. We denote the resulting raph 
by H" (see Fig. 1). 
Let Tm be the spanning tree of Hm with edge set E(T") consisting of the edges 
incident o the vertex u. Note that every automorphism of Hm fixes Tm if m > 1. 
Let ~ denote the subgroup of Aut(Hm) generated by the flips of triangles. Then 
~ff is isomorphic to the direct sum of m copies of Z2's, which will be identified 
with the group of functions from { 1,2 . . . . .  m} to Z2 with pointwise multiplication. Let 
S" be the symmetric group on the m triangles in Hm. Define an S" action on ~f" by 
(a,f)(i) = f(a-l( i))  for all (a,f)  E S"xgff and i E {1,2 . . . . .  m}. Then the semidirect 
product of Sm and ~ with respect o this action can be regarded as the automorphism 
group Aut(Hm) of Hm and hence cardinality of Aut(H") is m!. 2". In fact, the group 
structure of the semidirect product is given by (z, g)(a, f )  = (za, (a - lg) f ) .  Moreover, 
(a, f)(i~) = a(i)f(i)~. 
Lemma 6. The automorphism group Aut(Hm) of tim is isomorphic to the semidirect 
product of S" and ~ (direct sum of m copies of Z2's), where the S" action on 
is just the coordinate changing. 
We observe that the flip of each self-loop in B" gives the identity automorphism in 
Aut(B"). Thus, the automorphism group Aut(B") is the symmetric group on m letters, 
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which is corresponding to permuting m self-loops in BI. It is not difficult to see that 
ISOAut(a,)(Bm; M) = ISOAut(H,,)(am; ~g) and Iso{~}(Bm; M) = Isoac(Hm; M) 
for any finite group M. 
Now, we aim to enumerate the isomorphism classes of M-coverings of Hm when 
~¢ has the IEP. For a permutation a E Sin, let 3k(a) denote the number of cycles of 
length k in the factorization of tr into disjoint cycles. 
Lemma 7. Let 2 E Aut(M) and a E Sin. Then 
2 
fEgU k=l  
Proof. Let a = a3,(~)...aj,(~), where a3k(~ ) is the product of 3k(a) numbers of disjoint 
k cycles in the factorization of a into disjoint cycles. We observe that the edges in the 
cotree Hm-Tm is of the form i~i~ for all i = 1,-..,m. For a (a , f )  E Aut(Hm), we note 
r--1 that i~ia ~(o,f)j~j~ if and only if a~(i) = j and I-Ik=0 f(ak(t)) = I for some natural 
number , and that tl ((tr, f ) ,  i~i~) is the smallest natural number such that trr(i) = j. 
This implies that [i~i~] is of class 1 or 2 according as the value of l"Iq((a'f)'i'ia) ¢ttrkti ~ l l k= l  J~, ~, 1~' 
is -1 or 1. This observation and Lemma 1 gives that 
fE .~ k=l  ~ 
and 
]Fix((~,~,,,f),a)[ = 2 kJ*(~) ( [I(2k)[ + 2 ]F(2*)I) J'(~)' 
fE-ggk 
where ~ffk is the subgroup of o,4g consisting of f such that f ( i )  = 1 for each i which 
does not appear in the cycles of a3k(~ ). It proves the lemma. [] 
Now, we can enumerate the isomorphism classes of M-coverings of a bouquet of 
circles. 
Theorem 10. Let M be a finite 9roup havin# the IEP. Then 
r i  m { I/(~k)l+lg(~')l  3k'~ 
k=l~, 2 J_ _] 
(a) ISOAut(/4,.)(Hm; M) -- iAut(d)l  ~eAut~') j,+2j2+... +m~.=m 
1 (11(2)1 +IF(2)I) m" 
(b) Iso~(Hm;M)- IAut(d)[ ~ 2 
2EAut(~ ¢) 
(c) I sos , (Hm;d) -  IAut(M)I y~ 
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Table 3 
The numbers Isoar (Hm; Zn ) and ISOAut(Hm )(nm; 7/n ) 
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n 2 3 4 5 6 7 8 9 10 .. .  
Isoar(H1;Zn) 2 2 3 2 4 2 4 3 4 
Iso~(H2;7_n) 4 4 9 5 16 6 17 11 20 
lsoar(H3; Zn) 8 8 27 14 64 22 76 47 112 
Isog(H4; 7/n) 16 16 81 41 256 86 353 229 656 
Iso ,,r (Hs; 7/n ) 32 32 243 122 1024 342 1684 1084 3904 
lSOAut(H2)(H2;7/n) 3 3 6 4 10 4 11 7 13 
ISOAut(ns )(/-/3; 7/n ) 4 4 10 6 20 8 24 14 32 
lSOAut(H4)(H4;Zn) 5 5 15 9 35 13 46 28 70 
ISOAut(Hs)(Hs; 2vn) 6 6 21 12 56 20 80 48 136 
Table 4 
The numbers Isox(Hm; D~) and ISOAut(Hm)(nm; Dn) 
n 3 5 7 9 11 13 .. .  
Iso~(Hl; Dn) 3 3 3 4 3 3 . , .  
Iso~(H2; Dn) 10 11 12 20 14 15 .. .  
Isox(H3; Dn) 37 51 67 130 105 127 .. .  
lso~r(H4; Dn) 150 293 500 1120 1130 1565 • •. 
Iso,x,'(Hs; Dn) 653 1959 4523 12154 15321 24563 . "  
ISOAut(H2)(H2; Dn) 7 8 8 13 9 10 •. • 
ISOAuttHs)(H3; Dn) 14 18 22 39 29 36 • • • 
ISOAut(H4)(H4; Dn ) 25 39 55 111 96 130 .. • 
ISOAut(Hs)(H5; Dn) 41 78 129 303 313 462 .. .  
: i 
1 
(d) Iso{l}(H,.;~ ¢) = IAut(d)l ~ IF(g)lm" 
2EAut(M) 
Proof. We prove only (a), and the others can be proved by a similar method. From 
Theorem 5, it follows that 
ISOAut(Hm)(Hm, ~¢) = 
1 ( ) 
IAut(~)l 2"m! ~ ~ IFix¢(~'Y"X)l 
2EAut(.~¢) ( a,f )E Aut( Hm )
IAut(~)l 2" ~ ~ ]Fix((o,f),a)] , 
2EAut(0a¢) 
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where tr runs over all representatives of conjugacy class of Sn and C(a) is the 
conjugacy class of a. Let (31(tr) , . . .  ,3re(a)) be the cycle type of tr E Sin, that is, 3k(tr) 
is the number of k cycles in the factorization of a into disjoint cycles, so that 
31(tr) + 232(a) + ... + m3m(tr) = m. Then, the conjugacy class C(a) of tr is deter- 
mined by its cycle type and 
]C(tr)[ 1 
m! 31(cr)! 2s2(~)/2(a)! ... ms"('~)3,,,(a)!" 
Now, this equality and Lemma 7 gives (a). [] 
By using Theorem 10 and Lemmas 3 and 5, we can calculate Tables 3 and 4. 
7. Further remarks 
By using the enumerating formulas for isomorphism classes of regular coverings 
derived in this paper, we can enumerate the isomorphism classes of all regular n- 
fold coverings of a graph G with respect o the trivial automorphism group for a few 
small n, n = p, n = 2p, or n = p2, where p is a prime number. For n = 2p (p is an 
odd prime), there exist only two non-isomorphic groups of order 2p: the cyclic group 
7/2p and the dihedral group Dp. Note that both 77 2 and 7/p are their common on-trivial 
subgroups. Thus, the number of isomorphism classes of regular 2p-fold coverings of 
a graph G with respect o the trivial automorphism group is 
Iso(l}(G; ~'2p) + Isoi1)(G; Dp) - Iso(l}(G; 7/p) - Iso{1}(G; ie2) + 1. 
For n = p2, there also exist only two non-isomorphic groups of order p2: the cyclic 
group 7/p2 and ~'p ~ ~p. Since Zp is the unique common ontrivial subgroup of them, 
we can see that the number of isomorphism classes of regular p2-fold coverings of a 
graph G with respect o the trivial automorphism group is 
Iso(I)(G; 7/p2 ) + Iso(1)(G; Zp ® 7/p) - Iso{1)(G; Zp). 
For an explicit enumeration of regular coverings, it is natural to ask 
Problem 1. For any natural number n, enumerate the isomorphism classes of regular 
n-fold coverings of a graph G with respect o a group of automorphisms of G. 
It seems that Problem 1 is very hard to answer, because it might be related to the 
classification of all finite groups of order n for each natural number n and the lattice 
structures of their subgroups. A weak version of Problem 1 is the following. 
Problem 2. For any finite group ~,  enumerate he isomorphism classes of ~-coverings 
of a graph G with respect o the trivial automorphism group of G. 
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The authors believe that Problem 2 can be solved for any finite abelian group 
~¢ if one can enumerate all the isomorphism classes of  ~¢-coverings, when ~¢ = 
Zp~, ® . . .  ® Zpm~ for a prime p. 
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